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Define: 
 𝒛 ≔ 𝐜𝐨𝐬𝝋 + 𝒊 𝐬𝐢𝐧𝝋  

 𝝋 = 𝟎 ⇒ 𝒛 = cos 0 + 𝑖 sin 0 = 1 + 0𝑖 = 𝟏  

 𝑑𝑧
𝑑𝜑

= −sin𝜑 + 𝑖 cos𝜑  

 ∴ 𝑑𝑧

𝑑𝜑
= 𝑖2 sin 𝜑 + 𝑖 cos𝜑  

 ∴ 𝑑𝑧

𝑑𝜑
= 𝑖(𝑖 sin 𝜑 + cos𝜑)  

 ∴ 𝑑𝑧

𝑑𝜑
= 𝑖(𝐜𝐨𝐬𝝋 + 𝒊 𝐬𝐢𝐧𝝋)  

 ∴ 𝒅𝒛

𝒅𝝋
= 𝒊𝒛  

 ∴ 𝑑𝑧

𝑧
= 𝑖𝑑𝜑  

 ∴ ∫
𝑑𝑧

𝑧
= 𝑖 ∫ 𝑑𝜑 + 𝐶  

 ∴ ln 𝑧 = 𝑖𝜑 + 𝐶  
 ∴ 𝑒ln 𝑧 = 𝑒𝑖𝜑+𝐶   

 ∴ 𝒛 = 𝒆𝒊𝝋𝒆𝑪  
 ∴ 𝜑 = 0 ⇒ 𝑧 = 𝑒𝐶   

 also:  𝝋 = 𝟎 ⇒ 𝒛 = 𝟏  
 ∴ 𝑒𝐶 = 1  
 ∴ 𝒛 = 𝒆𝒊𝝋  

 𝒆𝒊𝝋 = 𝐜𝐨𝐬𝝋 + 𝒊 𝐬𝐢𝐧𝝋  

The above starts with the outcome that 
Euler himself presumably did not yet know. 

He actually found it (back in 1748) through the series 
expansions of exponential and trigonometric functions. 
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