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We'll restrict ourselves to positive numbers 
& call the set of all positive rational nos.: ℚ+  

We erase all natural numbers from it: ℚ∗ ≔ ℚ+ ∖ ℕ  
so we easily find: (𝑞 ∈ ℚ∗) ∉ ℕ  
Of course all these  (𝑞 ∈ ℚ∗)  have 
been reduced to the ultimate, i.e.: gcd(𝑛𝑢𝑚, 𝑑𝑒𝑛) = 1  
so numerator & denominator have no common factors. 
Raising  (𝑞 ∈ ℚ∗)  to  (𝑛 ∈ ℕ)  obviously does not create 
new common factors of numerator & denominator. 
Therefore, we clearly have: (𝑞 ∈ ℚ∗)(𝑛∈ℕ) ∉ ℕ  
which means: (𝑞 ∈ ℚ∗) = √(𝑥 ∉ ℕ)

(𝑛∈ℕ)
  

hence, using Modus Tollens (sort of): √(𝑚 ∈ ℕ)
(𝑛∈ℕ)

∉ ℚ∗  
If & only if  (𝑚̂ ∈ ℕ)  is a perfect  𝑛th  power: [𝑚̂ = (𝑘 ∈ ℕ)(𝑛∈ℕ)] ∈ ℕ  

we obtain: √𝒎̂
(𝒏∈ℕ)

∈ ℕ  
We'll denote all other  (𝑚 ∈ ℕ)  as  𝑚̃ 
& these obviously complement the above: √𝑚̃

(𝑛∈ℕ)
∉ ℕ  

Together with  ∉ ℚ∗  as found above, this yields: √𝒎̃
(𝒏∈ℕ)

∉ ℚ+  
Any natural root of any natural number is either natural or irrational. 
Of course this includes  (√2 ∉ ℚ),  as already found by 𝛱𝜐𝜗𝛼𝛾𝜊𝜌𝛼𝜍. 
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