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Look at the area above the x-axis in the left-hand image, right of the
vertical dashed line below point P, marked with a blue asterisk *.
Doesn't it metaphorically look like a bay, a cove (Dutch: baai, inham)?
The Latin word for such a thing is sinus [SEE-noos, not SIGH-nus!]. In English: sine.
The length of this vertical dashed line obviously depends on the angle «a.
Let's call this length the sinus (or sine) of a.

The vertical distance from P down to the x-axis isthe sinus of a.

Then we have that strange angle «
(the overline is my own choice, not a standard mathematical notation).

With it, you fill the right angle of which a already is a part.
Latin for with is the prefix com- and full is plenus.
The angle a is called the complement of a.
Now guess what complete actually means... With (each other) full.

Above the horizontal dashed line left of P, we now find the bay, the cove

of this complement, which in Latinis complementi sinus,

abbreviated cosinus; in English this turned into cosine.
Hence, the co in cosinus does mean with, butitis atwo-stage rocket!
We'll call the length of this horizontal dashed line the cosinus (or cosine) of a.
The horizontal distance from P lefttowards the y-axis isthe cosinus of a.

Let's now become a bit mathematical.

Defining equation of unit circle: x? + y2 =1 (recognise the Pythagorean theorem?)
We define: sina =y

and: cosa = x

This very simply implies: cos’a+sin’a=1
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sina

We also define: tana =
cosa

which in Latin is called tangens [DON'T apply English pronunciation rules! | will howgver not call
gou a moron, duneg! It's TANG-gens with a short-duration A like in farrrt & gens with a g like in go, great guy!].

In English it's mispronounced tangent. Similar triangles teach us it's t in the right-
hand image, the length of the touching (literal meaning of tangens) line segment.

Now we temporarily replace a with x, wichis not the same x as above!
| will not derive next two, but presume you already know

R d .
the derivative: Esmx = COSX
d .
as well as: Ecosx = —sinx
d . . d
. d d sinx (cosx)(—=—=sinx )—(sinx)(==cos x
which renders: —tanx = — = (dx ) (dx )

dx dx cosx cos2x
__ (cosx)(cosx)—(sinx)(—sinx)

cos?x
cos?x—(—sin?x) _ cos? a+sin®x

cos2 x cosZx

=1+tan?x =

cos2 x

Back to the image, but suppose it has radius r. The coloured circle segment's
surface area A equals the circle's total surface area mr? times the arc length PQ =
2ar (measured along the circle's edge) divided by the circle's total circumference 2nr ,

ie.: A = nr? % = ar?
hence: a=A/r?

which, with r = 1 becomes: a=A how nice!
This means: y =sinA

and: X =CcosA

which applies to the unit circle only!
. . A
Otherwise: = sin— (scaled by 1)

and:

RNIRR|I

= COS 4
= =

The inverse function of sinus, cosinus & tangens
are mostly denoted as: sin"la, cos'a & tan"l«.
| not only find this rather repulsive, it's just plain wrong!

One should not, repeat: not, repeat: NOT use
an exponent to indicate an inverse function! Per FHobem!

A way better notationis: arcsin a, arccosa & arctana.
This prefix is explained by the fact that in a unit circle, the arc equals the angle.

Let's now have a look at a unit hyperbola.
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Unit hyperbola Unit hyperbola

First of all: this time, the angle 8 hardly has a significant meaning!
That's why it's named 0 instead of a.
However, we are goingto use the similar surface area A.
The red lines are the hyperbola's asymptotes.

Once again, we've got

a defining equation: x*—y?=1
and, completely analogous to what we just found, we simply define
the sinus hyperbolicus: sinhA4 =y
& cosinus hyperbolicus: coshA4 :=x
immediately rendering: cosh?A —sinh?4 =1 - coshA4 = V1 + sinh2 4
& last but not least, we state: tanh 4 = sinh A
cosh A
which of course is the tangens hyperbolicus, t inthe right-hand image.
. .. . _ sinh A
It obviously & trivially equals: tan (9 = arctan CoshA)

which shows how to find @ in case we'd need it for do | know what.

Similar to what we found above,

their inverse functions are: arsinh a, arcosha & artanha.
Mind the prefix: ar- & not. arc-
ar- stands for: area seems logical, right? Wasn't & meaningless?

It should be obvious that the gray areas (two congruent rectangular triangles)
have a total surface area of: Ao = xy = coshAsinhA

= sinhAV1 + sinh2 4
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If we subtract that from: A, = (gray + red) area left of the hyperbola,

we will have found: A=A, -4 (red only)

We rewrite the defining eqn.: x2=14+y? . x=,1+7y2 (using plus sign)
and then: A = f_SisI;::A\/l + u?du (using u as integr. var.)

which (due to symmetry) equals: Ay = 2 fOSinhAV1 + u?du

In order to obtain the antiderivative, | used https://www.integral-calculator.com/

inh 4
which yielded: A; = (w1 +u? +1In(u+V1+u?)) ](s)m
By differentiating it on https://www.derivative-calculator.net/, | verified its correctness.
We evaluate: A; = sinh AV1 + sinh? A + In(sinh 4 + V1 + sinh? 4)

—(0v1+02+1In(0++vV1+02)=0+In1=0)
From this, we must subtract: Ay, = sinhAV1 + sinh? A

leaving: A = In(sinh 4 4+ V1 + sinh? A)
hence: e4 =sinhA + V1 +sinh? A
i.e.: (e? —sinh A)? = 1 + sinh? 4
so we get: e?4 —2e4sinh A + sinh? A = 1 + sinh? 4
yielding: e?4 —2e4sinhA=1
which renders: e?4 —1 =2e4sinh A
. _ e24_q 1 e24 1) el—e1
therefore: sinh4 =——-= E(e_A — e_A) =
A_,—A\2 24_~ A —A, —2A 24 ,—2A_

from which we obtain: sinh? A = (e : ) _ etz Z e =f +e4 2

. ; e2Ate—24_2
& we also find: coshA4 =+V1 +sinh?A4 = 1+—4

_ [|4+e?44e24-2  [e24424e724
4 4

_ |e2A+2ede-Ate—24  [(eAt+e~4)2  elte
N 4 N 4 2

sinhA el—e4

and, obviously: tanh A4 = =
’ y coshA ed+e 4
L d . 1d 1d _ 1 1 _ )
The derivative: —sinhx =-—e*—=-—e™* =-e* —=e7*(—1) (chainrule!)
dx 2dx 2dx 2 2
eX+e™*
=—F = cosh x
d 1d 1d _ 1 1 _
as well as: —coshx =-—e*+-—e* =-e*+=-e7%(-1)
dx 2 dx 2dx 2 2
eX—e™X .
=—F = sinh x
d . . d
. d d sinh x (cosh x)(==sinh x )—(sinh x)(——cosh x
which renders: —tanhx = — = (dx ) (dx )
dx dx cosh x coshZ x
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__ (coshx)(coshx)—(sinhx)(sinhx) _ cosh?x-sin?x

cosh? x cos? x

1 4
=1—tanh?x = =
cosh2x  (eX+e%)2

Graphs of sin x, cosx, tan x:

4

Graphs of sinh x, cosh x, tanh x:
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The cosinus hyperbolicus cosh x may look like a parabola, but it definitely isn't!

Instead, it is the so-called catenary (NL: kettinglijn)
(pronounced: GB: ka-TEE-nar-ee, US: KAT-an-err-ee)
which | will not derive here, since that is way too huggely very rather Rind of a bit complicatated...

It is the shape of a hanging chain with both ends fixed:

= S ".mi.&'”:-"‘-ﬂ : >

catena cosinus hyperbolica

Mother Nature found outthat a catenary best counters gravity.

At each point, the resulting net force
(by adding gravity, resilience of the fixed points holding it, stretch in the chain, etc.)

is precisely along the chain itself, thus using all of its strength.

It can also be upside-down & then it forms the strongest possible arch,
e.g. the Gateway Arch in St. Louis, Missouri:

arcus cosinus hyperbolicus
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